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Preface

The first chapter of this book gives the preparatory knowledge on which calculus
depends. The second chapter explains the concept of limit and its definition from a
dynamic point of view. With this basic knowledge, further study of calculus becomes

concrete and straightforward.

We have written this calculus textbook to use in our teaching, and it has received
high praise from students. Students found the concepts and theories in this book to be
very clear and logical, and thus, learning calculus became very easy, which is easier
than learning other mathematics courses. Students also achieved excellent grades in
the study of calculus. The teaching effect is remarkable. It can be said that this book
has completely changed the difficult situation of teaching calculus and made learning

calculus easy.

Calculus is one of the outstanding achievements of the human intellect. It is a
powerful tool for solving complex problems in mathematics, physics, economics, the
social sciences, engineering, and the biological sciences, among other fields. The
importance of calculus is obvious. Therefore, we have written this textbook in the
hope that all calculus students will gain a true understanding and mastery of the
subject and that it will provide strong support for further development in related

fields 1n the future.

To make this textbook fully adaptable, it contains essential contents applicable to
different high school curricula, as well as contents marked with * that can be selected
by various high schools.
Spring Seeds
2024



Chapter 3 Derivatives and differentials

Before studying this chapter, we define the change in a function (or function

increment). Let the variable x change from its initial value x, to its final value x,.
The difference between the final value and the initial value is x, —x, . It is called the

change in the variable x, denoted by Ax=x, —x,.

For the function y = f(x), when the independent variable x changes from x, to
X, =X, + Ax, the corresponding change in the function y is Ay, as shown in

Figure 3.1, this is expressed as
Ay=y2—y1 =f(x2)_f(x1)=f(x1+Ax)_f(x1)

Note: The change can be positive or negative.
A

p

o] o )+ Ar

Y

Figure 3.1

3.1. Two examples of the derivative concept

When solving real-world problems, we often need to understand more than just the
functional relationship between variables; we also need to study the rate of change.
Examples include the velocity of a moving object, the rate of population growth in a

city, or the pace of a country's economic development. To address these problems,



we introduce the concept of the derivative to better describe how these quantities

change. Let us consider two practical examples.
(1) Instantaneous velocity of non-uniform linear motion

If s denotes the displacement travelled by an object in linear motion from an initial

time to time ¢, then s is a function of time ¢, denoted by s = (7).

We now consider the velocity of the object at the specific time = ¢, denoted by

v(t,). When the time changes from ¢, to ¢, + A¢, as shown in Figure 3.2,

At

~

to to+ At L Ar=(t,+ AD -t

Figure 3.2

the displacement that the object travels over the time interval Af is
As = (t, + A0~ 1))
If the object undergoes uniform motion, its velocity, v(¢), does not change with time.

In this case

— E_ f(to"‘At)_f(to)

= = constant
At At

(1, )

Here, v(¢,) is a constant. It is the velocity of the object at time ¢, which is identical

to the velocity of the object at any time ¢ That is, v(f) = v(¢, ) = constant.

However, when the object moves with varying velocity, its velocity w(f) changes

. . . As ) _
over time. In this case, the ratio ~ represents the average velocity, denoted by v,
t

over the time interval from #, to 7,+ At

As _ f(t, +AD) - [ (&)
At At

‘7:



When At is very small, v can be used to approximate the velocity of the object at

time ¢, denoted by v(¢,). As At becomes smaller, the approximation becomes more

accurate. As At — 0, if the limit llr% ~ exists, it is called the instantaneous
At— t

velocity of the object at time ¢,. That is,

W1y) = Tim 22 = jim LT A= (1)
A0 Af A0 At

(2) Tangent
A

Let M(x,,y,) be a fixed point on

£l the curve y = f(x). And let

M, (x, +Ax,y, +Ay) be another
point on the same curve. The
position of M, is determined by Ax,

M (o, yo)gl— - ____ making it a moving point. The line

connecting M and M, is called a

chord. Let its angle of inclination

yd

- 0] 0 a0+ Az

T
-

(the angle between the chord MM,

Figure 3.3 and the x-axis) be 6.

From Figure 3.3, it can be seen that the gradient of the chord MM, is

Ay _ S +A) - /(%)
Ax

tanf=

As Ax — 0, the moving point M; approaches the fixed point M along the curve.

Consequently, the chord MM, changes and approaches its limiting position,

represented by the line M7. We define the line MT as the tangent to the curve at the

point M. It follows that & approaches the angle of inclination « of the tangent MT.

That is, the gradient of the tangent MT is



tana = lim tan@ = lim &y = lim J O + %) = [ (%)
Av—0 A0 Ay A0 Ax

Although the two examples above have different practical meanings, speaking from
the abstract numeric relationship, their mathematical nature is the same. They can
both be generalised as the calculation of the ratio of the change in the function to the

change in the independent variable, and the determination of the limit as the change
in the independent variable approaches zero. The limit of this specific ratio % is

called the derivative of the function.

3.2. Concept of the derivative

Definition of the derivative

Let the function y = f(x) be defined in a neighbourhood of x,. When the
independent variable x undergoes an increment Ax at the point x,, the function

f(x) undergoes a corresponding increment.

Ay = f(x,+Ax) = f(x,)

If the limit of % exists as Ax — 0, that is,

lim &y = lim S (X +A%) = /(%) exists

Ax—0 Ax Ax—0 Ax

then this limit is called the derivative or differential of the function f(x) at x,.

This can be denoted by

b
=% dx

df (x)

1 (%) y' o

X=X, X=X



Ay _ S +A) -~ f(%)
Ax

The ratio

represents the average speed of change in the

function f(x) as the independent variable x changes from x, to x,+Ax, which is

. . . . A
called the average rate of change in the function. The derivative f'(x,)= lim i

A—0 Ax

represents the instantaneous rate of change of the function at x, . This is simply

referred to as the rate of change of the function at x,.

Example. Find the derivative of the function y=x" at x =2.

Solution. When x changes from 2 to 2 + Ax, the increment in the function is

Ay =f(2+Ax)— f(2) = (2 + Ax)* — 22 = 4Ax + (Ax)?

Therefore, ﬂ =4+ Ax
Ax
A 1 Ay _
f(2)—A1)1Cr_r>})E—£r_r})(4+Ax) 4 O

If the function f(x) has a derivative at x,, we say that the function f(x) is
differentiable at x, or that the derivative f'(x,) exists. Otherwise, we say that the

function f(x) is not differentiable at x, or that the derivative f'(x,) does not exist.
, . Ay . . , .
If f'(x,)= hrr{) . =+ oo, in this case, it cannot be treated that f'(x,) exists because
Ax—>

*+ o ¢ R, hence, the derivative f'(x,) does not exist. However, for convenience, we
sometimes say that the derivative of function at x,, f'(x,), is infinity. If the function

f(x) is differentiable at every point within the interval (a, b), then we say that the

function f(x) is differentiable on (a, b).



If f(x) is differentiable on (a, b), then at each point x in the interval (a, b), there is
a corresponding derivative value. Consequently, a new function can be defined,
which is called the derivative function of the function y = f(x) with respectto x on

(a, b). This is often referred to simply as the derivative, and is denoted by

dy df (x)
dx dx

Y GOy
dx dx A0 Ax

y' S'x)

That is, y'=f'(x)=

According to the definition of the derivative, the two examples in Section 3.1 can be

stated as follows:

(1) Instantaneous velocity is the derivative of displacement s with respect to time
t, that is,
ds

() =s§'= —
(0 =

(2) The gradient of the tangent MT to the curve y = f(x) at x is the derivative of

the ordinate (the y-coordinate) of the curve with respect to the abscissa (the

x-coordinate).

tana = f'(x) = &
dx
3.3. Differentials
dy . .

Above, we use = to denote the derivative, that is,

X

d _ lim Ly

dx Ax—0 Ax

This equality is a proportion.



Proof. Let f(x) be a differentiable function of x and its derivative is

Ny = fi A
S(x) = }’I‘E})E
Ay .
From Ay=— Ax we can obtain
Ax
lim Ay = lim 2 Ax = lim 22+ lim Ax = £'(x)-0=0
Ax—0 A&x—0 Ay Ax—0 Ax Ax—0
limAy
That is, )= Tim Y a0
A-0Ay  limAx 0
Ax—0
lim Ay
Hence, & _ = lim LV et _9
dr  A0Ax  limAx 0
Ax—0
lim Ay
That is, U is a proportion.
dx  lim Ax

Ax—0

The derivative f'(x) is a limit of the % type.

Definition of the differential

Because hm =f'(x), if Ax— 0, then we have
Ay Ay
—— = f(x or — - f'x]—=0
A /') [Ax ()]
Ay

Let '(x) =a a—>0
- - /')

Then Ay = f'(x) Ax + aAx

That is, Ay —aAx = f'(x) Ax

Let dy = Ay — aAx, dx = Ax

Then dy = f'(x) dx, P f'(x)
dx



Since dx=Ax —>0

thus dx is an infinitesimal, 0 < | dx | <0.05.
The value of dy is determined by the value of f'(x) dx.
Generally, both dy and dx are infinitesimals.
dy is called the differential of the function f(x), and dx is called

the differential of the independent variable x.

.. . : d
Having introduced the concept of the differential, we can see that 4 represents the

dx
quotient of the differential of the function dy and the differential of the independent
variable dx. Consequently, the derivative f'(x) is also known as the quotient of
differentials. Since problems of finding the differential dy = f"'(x) dx is essentially

the problems of finding derivatives, methods for finding derivatives and differentials

are called differentiation methods.

Example 1. Find the differential dy of the function y =x*> when x changes from 1

to 1.01.

dy _ dx’ lim (x+Ax)* —x°

dx dx o0

Solution. Because

= lim(2x+ Ax) =2x
Ax—0

it follows that dy = 2xdx
From the given condition
dx=Ax=1.01-1=0.01
Here, dx = Ax signifies that the differential dx of the independent variable x 1is
equal to its increment Ax. Therefore, the differential of the function is

dy = 2xdx = 2-1-(0.01) = 0.02

Geometric significance of the differential and its application




Sketch the graph of the function y = f(x) on the xy—plane, as shown in Figure 3.4.

Figure 3.4

Let M (x, y) be a fixed point on the curve. Draw the tangent / to the curve at the
point M. The gradient of this tangent / is

tana = f'(x)
When the independent variable x undergoes an increment Ax, we obtain another
point on the curve, M’ (x + Ax, y + Ay). From Figure 3.4, it can be seen that

NM = Ax NM'= Ay tana = N
NM

That is, TN =NM-tana = f'(x) -Ax =dy (Ax = dx)

Therefore, the differential dy of the function y = f(x) represents the increment in

the ordinate (the y-coordinate) of the tangent / at the point M (x, y). In the graph, the
segment TM' represents the difference between Ay and dy.

That is, TM'=e=Ay—dy, where e =aAx

When |Ax | is very small, e is also very small and can be neglected.

That is, Ay—dy=e=0



Therefore, the formula for calculating an approximation using differentials is
Ay = dy = f'(x) Ax (Ax = dx)

Since Ay = f(x+Ax)— f(x)

it can be written as
S +Ax) = f(x)= f(x) Ax

Alternatively, f(x+Ax)= f(x)+ f'(x) Ax

Example 2. Find an approximation for the value of </1.02 .

Solution. This problem can be approached by finding an approximation for the value

of the function f(x) ZQ/Z at x=1.02.
1

Since f'(x)= (Differentiation process is omitted.)
3x?
thus F(x+ A~ f()+ 1) Ax = P+ —— Ax

33/x*

Let x=1and Ax=0.02 (This satisfies the requirement that Ax is very small.)

Therefore, FA40.02) = £(1.02)= Y102 ~ YT +——-0.02 ~1.0067

Rz

That is, /1.02 ~1.0067

Example 3. A spherical ball has an outer diameter of 10 cm. The thickness of the
spherical shell is 2LO cm. Find an approximation for the value of the volume of the

spherical shell.

Solution. The radius of the ball is r = % =5.



The thickness of the shell of the ball is dr = Ar = _2LO .

The volume of the ball is
V=f(r)= 4 zr’
3
The derivative is f'(r)=4nr*  (Differentiation process is omitted.)
The volume of the spherical shell is AV, then
AV =dV = f'(rydr=4xr’ -dr =4r-5° -(—2—10) =57

That is, the required volume of the spherical shell is

|AV| =57 cm’

3.4. Fundamental derivative formulae and computation rules

From the definition of the derivative, the steps for finding a derivative can be

summarised as follows:

Step 1. Determine the increment in the function, Ay, corresponding to the increment Ax

in the independent variable x.

Ay = f(x+Ax) - f(x)
Step 2. Form the ratio of the increments.

Ay _ fx+A0) - f(x)
Ax Ax

Step 3. Calculate the limit of % as Ax — 0, that is,

- i J (X HAY) - f(X)
y'=/'0)= lim ™



In the definition of derivative, we have already clearly explained the essence of the

concept of derivative. The method above for finding the derivative f'(x) of the
function f(x) is based directly on the definition (i.e. differentiating from first

principles). However, if, for every function, we have to find its derivative directly
according to the definition, it can be cumbersome and complex. We therefore seek to
find some fundamental formulae and computation rules to simplify the computation

in finding derivatives.

a) Derivative of a constant

Function y=c (c is a constant.)

Ay=f(x+Ax)—f(x)=c—c=0

Since Ay =0 for any value of Ax, it follows that the ratio % =0.

. A .
Therefore, y'=c¢'= lim 2 lim0=0
=0 Ax  Ax—0

That is, ¢'=0

The derivative of a constant is equal to 0.
b) Derivatives of power functions

Function y=x" (n 1is a positive integer.)
From the binomial theorem, we know that

Ay = (x + Ax)' —x’

= [+ A +—”(”2_ D o2 (Axy? .+ (Ax)'] - "

= e~ Ax + ”(”T_l)x“ (AY) +...+ (AX)"



Therefore, s n(n=1) XA 4 (AX)T!
Ax 2
V= limg=nx”‘1
Ax—0 Ax
That is, (") =nx"!

Later in this chapter, it will be shown that when 7 is any real number a, this
formula remains valid. That is, for the function

y=x Y =ax*"! aeR

¢) Derivatives of sums and differences

If u=u(x) and v=v(x) are differentiable functions of x, then their sum (or
difference) y=u v is also a differentiable function of x. Moreover,

yV=wztv)=uxHV

Proof. Consider y as a function of two independent variables, u and v.

That is, yv=fu,vy=uzxv
Therefore, Ay=f(u+Au, v+ Av)—f(u,v)

=[u+tAu) = (v+AV)]—-(utv)=AuxAv

Ay _ Au, Av
Ax  Ax  Ax
. A . A . A
Hence, Y= lim X = lim 2+ lim =% = '+ "

Ax—0 Ax Ax—0 Ax Ax—0 Ax

That is, (uxv)=u+V
The formula can be applied to the sums and differences of a finite number of
functions. That is,

! ! ! !
(u, +u, +...4u) =u +u, +...+u,



2

Example 1. Find the derivative of the function y =x* —x

Solution. Y= -x) =) - () =3 "1 -2 =3x2 -2

d) Derivative of a product

If both u=u(x) and v =v(x) are differentiable functions of x, then their product

y=uv is also a differentiable function of x. Moreover,

y'=wv)=u'+uv

Proof. Consider y as a function of two independent variables, u and v, that is,

y =1 v)=u
Ay =f(u+Au, v+ Av) —f(u, v)

Hence,
= (u tAu)(v + Av) —uv = uAv +v Au + AuAv
A
Ax Ax Ax Ax

As Ax — 0, values of u and v do not change, as u and v depend on x, rather than

Ax. Furthermore, since v is differentiable, it is necessarily continuous. It follows that

lim Av = 0.
Ax—0

Therefore, = tim 2= utim 2 4y 1im 22 4 1im 2 lim Av
A0 Ax A—0 Ax A—0 Ay M0 Ay Ax—0

=w'+vw' +u'-0
=w'+u'v

That is, (uv) =w'+u'v

Especially when u =c (c is a constant)

y'=(v)=cv



That is, a constant factor can be moved outside of the derivative operator.

This formula can be generalised to the product of a finite number of functions. That
is, if y=wuu,---u , then

!
n

,_l D) lc.- e
(- +u,) =upy - -u, Fupy-u, +..oF U, U, U

n—

Example 2. Find the derivative of the function y = (1 + 2x)(3x’> — 2x?).

Solution. 3= (14 2%)(3x — 202 + (1 + 2x)'(3x — 2x%)
= (1+20)[(3x))= ()] + [1'+ (2x)] Bx* — 2x%)

= (1 +20)[3(x*)=2(*)'] + [0 + 2(x)'] (3x” — 2x7)
= (1 + 2x)(9x% — 4x) + 2(3x* — 2x?)
= 24x> — 3x* — 4x

e) Derivative of a quotient

If u and v are differentiable functions of x and v # 0, then the quotient y = Yis
v

also a differentiable function of x. Moreover,

Proof. Consider y as a function of two independent variables, # and v. That is,
u
y=f(u,v)==
v

Hence, Ay=f(u+Au,v+Av)—f(u,v)

u+Au_z_ Au-v—u-Av
v+Av v v(v+Av)




Au Av
7")_1/['7
Ay _ Ax Ax

Ax v(v+Av)

Since as Ax — 0, values of # and v do not change while Av — 0.

. Au . Av
Iim—-v—u-lim —

. A — - 'v— '
Therefore, y'=11rn—y=Ax 0 Ax - - oszuvzuv
A0 Ax v(v+ lim Av) v
Ax—0
That is, Ly = w
v v

Especially when u =c (c is a constant)

c., 1, I'v—1-v' v
\4 \4 A4 v

1

This formula demonstrates that the formula y' = (x")' =nx"~" is also valid when n

is a negative integer.

In fact, when n=-m (m>0), thatis, n is a negative integer,

n -m 1
x
1 my m—1
therefore, y'=x"=(—)=- (x )2 =- mxz =-mx™-!
xm (xm) x m
. o . x4
Example 3. Find the derivative of the function y = 37
x
x4 x* 4 1
Solution. = (=) = (=) (=)' = = () - 43
y (3 x;) (3) (x3) 3( ) —4(x7)



x* =1

Example 4. Find the derivative of the function y = — T
X+

x* -1 P (X =D'(*+D)—(x" =1)(x*+1)"

Solution. '=
=75  +1)

_ Qo +D)-(°-D(2x) _ 4x
(x> +1)° (x> +1)°

f) Derivatives of logarithm functions

Function y= log, x (a>0, a=1)

From Ay = log, (x+Ax)— log, x= loga(l+£)
X

) Ay 1 Ax 1 x Ax 1 Ax =
we obtain —=—log (1+—)=—-—log (1+—) == log (1+—)*
Ax 8.( x) x Ax 8.( x) x & x)
Let bzg. Thenas Ax > 0, b —> 0.
X

Ay ] NN : >
Thus LICI—I’})E Brﬂ) . log, (1+ . ) . log, }grol(l+b)

1
(log, b= log b )
log, a

log,e =
xlna

1
X

1
where %im(l +b)>=e is an important limit.
—0

Therefore, y' = (log, x)' = lloga e = !
X xlna

Especially when a=e

y'=(og,x)'=(Inx)' = llogge = llnez l, where Ine=1
x X X



That is, y'=(nx)'= 1
X

This is the frequently used derivative formula for natural logarithms.
g) Derivatives of trigonometric functions

(1)  Derivative of y = sinx

From Ay = sin(x + Ax) — sinx = 2cos(x +% )sin%
Ay sin > sin—
we obtain —=2cos(x +— = cos(x +—
(. > ) ( 3 ) A
2

From the continuity of cosx, we have

lim cos(x + Ax ) = cosx
Ax—0 2

.. . sinx
From the limit formula lim——=1, we have

x>0 x
sin—
A !
2
. Ax . Ax
sin — sin —
R LA _ LA
Hence, y Br_}rh cos(x 5 ) A Br_% cos(x 5 )gr_)r}) Av
2 2
That is, (sinx)' = cosx

Similarly, we can show that
(2)  Derivative of y = cosx

cosx)' = -sinx
(cosx)

= COSX



(3) Derivative of y = tanx

sin x sin x)'cos x —sin x(cos x)'
1= (tanx) = ( )= (sin x) - ( )
cos x cos” x
_ cosxcosx—sinx(—sinx) cos’ x+sin’x _ sec’y
cos’ x cos’ x cos’ x
That is, (tanx)' = sec’x

It is not difficult to derive the following:

(4) Derivatives of y = cotx, y = secx, y = cscx

cotx)' = —; = _cscx
(cotx) —
sin” x
(secx)' = ( )' = secx-tanx
cosXx
1
(csex)' = (— "= _cscx-cotx
sin x

Example 5. Find the derivative of the function y =2 \/; -sinx + cosx-Inx.

Solution. y'=Q2 \/; -sinx + cosx-Inx)'
=(2 \/; -sinx)' + (cosx-Inx)'

=2( \/; )'sinx + 2 \/; (sinx)' + (cosx)'lnx + cosx(Inx)'

= 2. ! sinx + 2 \/; cosx — sinxlnx + l cosx
2\/; X
1 ) 1
= (—=—Inx) sinx + (2\/;4' —)cosx
e :

h) Derivatives of composite functions (The Chain Rule)



To find a derivative easily, we usually treat a function f(x) as a composite function,
that is, fx)y <  f(w), u=ulx)

For example,

y=\/m:\/;, u=x+1

On the other hand, by the multiplication rule, we have
a=a-1=a-1-1-1-...
Hence, we get the derivative formula for composite functions, that is, the Chain Rule.

_dy _dy du _dy du dv

dx  dx du_a du dv =~

du a_du dv dx

where @ =1, du dv

du du dv

Example 6. Find the derivative of y = (1 + 2x)*°.

Solution. Method 1 (write down the substitution)

Let u=1+2x then y=(1+2x)"=4°

Therefore, y'= & _d du_dy du
dc dx du du dx

where P _ 30001, ﬂZZ.

du dx

Hence, y'=60(1 + 2x)*

= 304012

Method 2 (direct method without writing down the substitution)

_dy _d(1+20)" _ d(1+2x)" d(1+2x) _ d(1+2x)" d(1+2x)
s dx dx d(+2x) d(+2x)  dr

=30(1 +2x)%°- 12 = 60(1 + 2x)*



Example 7. Find the derivative of the function y = In(sinx).

. ,_dy _dln(sinx) dsinx _dlIn(sinx) dsinx 1
Solution. y'= — = —= - . = ——-C0S X = cotx
dx dx d sin x dsinx dx sin x

Example 8. Find the derivative of the function y = cos(nx).

dy _ dcos(nx) d(nx) _ dcos(nx) d(nx)

Solution. y'= = _nsin(nx)
dx dx d(nx) d(nx) dx
Example 9. Find the derivative of the function y = ( d )"
2x+1
B e L P
Solution. yv:_y: 2x+1" _2x+1_ _ 2x+1" _ 2x+1
dx dx X x dx
d d
2x+1 2x+1
—n( X ,,_l‘x'(2x+1)—x(2x+l)'
2x+1 (2x+1)°
X o 2x+1-2x nx"!
=n( . _

2x+1 Q2x+D)2 Q2x+D)"
Example 10. Find the derivative of the function y =sin(x’ +4).

_dy dsin(x* +4) . d(x* +4)
dx d(x* +4) dx

Solution. y

=cos(x’ +4)-2x

Example 11. Find the derivative of the function y = [1n(2x)]3 .



_dy d[ln(Zx)]3 .dln(2x) d2x

Solution. '
Yo T Tam(2x) | d2x

~3[In(24)] 2 ZM

2x

Example 12. Find the derivative of the function y =cos [1n(3x2 +6)° ]

_dy dceos| G’ +6)" | dinG3x’ +6)° d(3¥ +6)° d(3x’+6)

Solution. !
YT T dnBr+6)  dGr+6) dGX+6)  dx

= —sin| In(3x” +6)° |- 5(3x% +6)" - 6x

(3x> +6)°

~ L0xsin [In(3x" +6)° |

X +2

Example 13. Find the derivative of the function y =+/cos Jx .

1
. . dy d(cos\/;)z dcosy/x d/x
Solution. y'=—== . .
dx  dcos+/x dx  dx

1 - - sin\/;
=—(cos~/x) 2 (=sinv/x) —x 2= ——— =
2( ) 2 4\/xcos\/;

Example 14. Find the derivative of the function y =sin [xz cos(3x)] .

_dy _dsin [xz cos(3x)] dx’ cos(3x)

Solution. y' =
dx dx” cos(3x) dx

=Cos [xz cos(3x)] . [(xz) 'cos(3x) +x° - d cos(3x) _ de}

d3x dx



= cos [xz cos(3x)] : [2x cos(3x) —3x° sin(3x)] O

By applying the Chain Rule for composite functions, we can also obtain the
derivative formulae of a product and a quotient.

y=uy u = u(x) v =v(x)
Take logarithms of both sides.

Iny = In(uv) = Inu + Inv

Differentiate both sides of the equation with respect to x.

dmy_dmu+dmv
dx dx dx
diny dy dlnu du dlnv dv

dy dx du dx  dv dx

Hence, ld_y:l@_kl@
y dx u dx v dx

Substitute y = uv and rearrange.

& _

u
dx dx dx

Therefore, the derivative formula for a product is
y'=(uv)'=vu'+uy'
Similarly, we can also derive the derivative formula for a quotient, which is omitted

here.

Generally speaking, apart from elementary functions, for functions f(x) of all other

forms, we can always use the Chain Rule for composite functions to find their

derivatives.
i)  Derivatives of implicit functions

Suppose the equation P(x, y) =0 defines y as a function of x, where the function y



is differentiable. The method of finding derivatives of composite functions (the

Chain Rule) can also be applied to find derivatives of implicit functions y with

respect to x.

Example 15. Given the equation x*>+)* —? =0, where y is a function of x. Find

the derivative '

Solution. Differentiate both sides with respect to x.

d() _d(*)_d¢?) _do
dx dx dx dx

2
2+ A0 D
dy dx

2x+2y-ﬂ =0

dx

Divide both sides by 2.

That is, V=

Example 16. Given the equation )* = 2px, where y is a function of x. Find the

derivative y'".

Solution. Differentiate both sides with respect to x.

d(y*) _d@px)
dx dx




Therefore, y=—===

Example 17. Given the equation y = xIny, where y is a function of x. Find the

derivative y'".

Solution. Differentiate both sides with respect to x.

V' = (x)'Iny + x(Iny)'

=lny+x-—d(lny)
dx
dy dx
L
=lny+x-—-y
y
x
Rearrange. y—=y=ly
Yy
v Y—X
V(=) =1ny
y
Hence, V= ylny
y—x

Example 18. Given the equation x”*y” +6xy+ > =3, where y is a function of x.

Find the derivative y'.



Solution. Differentiate both sides with respect to x.

'

("¥")'+(6:0) '+ (*)' =

d(x'y) d(6w) do*)_d3

dx dx dx dx
2
dx a’y dx dx dx dy dx
dy dy o dy
2xy°+2 +6y+6 +2y—=0
WDy OO 2y
(2x2y+6x+2y)ﬂz—2xy2—6y
dx
_dy  2xy'-6y  —xy’-3y
dx 2x°y+6x+2y X y+3x+y

j) Derivatives of inverse functions

If the function y = f(x) has a non-zero derivative f'(x) atthe point x, and its
inverse function x = f~'(y) is continuous at the corresponding point, then the
derivative [ Fa y)]‘ exists and is given by

1 1

== o [f@W=—— o [f:|/WM|-=
O 76 T Lr7w]
Thatis, @:L or Q:L or Qﬂ:
dy dy dx  dx dx dy

dx dy
Proof. Since d_y@: 1-1=1

dy dx
thus ﬂ & _ 1 that is, f(x)- [f’l(y)]' =1

dx dy



k) Derivatives of inverse trigonometric functions

(1) Derivative of function y=arcsinx (-1 <x<1)

Since the inverse function of y=arcsinx (-1 <x<1) is

x = siny (-Z<y<2)
2 2
thus @zdsmy =cosy = \/l—sin2y= \/l—x2
dy  dy
V' = (arcsinx)' = y_1._ l
dx  dx 1-x°
dy
That is, (arcsinx)' = (-1<x<1)
1-x°
Similarly, it can be shown that
1
(2) (arccosx)' = - (-1<x<1)
1-x°
(arctanx)' = !
1+ x°
(arccotx)' = !
1+x°

Example 19. Find the derivative of the function y = arcsin(3x?).

Solution.

_dy_d arcsin(3x”) . d(3x?) _d arcsin(3x”) . d(3x?)
s & d3x)  d3x) | dx

6
SN SV .

J1-(3x%) 1-9x*

Example 20. Find the derivative of the function y = alrctanl .
X



d eurctanl d l d eurctanl d l

Solution. y'= —= X )lc= I . X = 11 .
X X X

1) Derivatives of exponential functions

Exponential function y=a* (a@a>0, a#1)
Take logarithms of both sides.
Iny = xlna

Differentiate both sides with respect to x.

L

—y'=Ina

Yy
That is, V' =ylna = a'lna
Therefore, V' =(a")' =a'lna

Especially when a = e, we have
() =élne=¢"1=¢€"
That is, () =¢€

Example 21. Find the derivative of the function y=a"

Solution.
dx dx d(—x) d(—x)

Example 22. Find the derivative of the function y=e

Solution. Method 1 Take logarithms of both sides.
Iny = (ax?+ bx + ¢)lne

Iny=ax’+bx+c

dy d(@”") d(—x) d(a”) d(—x)
y = —_—— . = .
dx

ax?+bx+c

This is a frequently used derivative formula.

=a*Ina-(-1) =-a"*Ina



Differentiate both sides with respect to x.

1 y'=2ax+b
y
V'=ax+b)y
Therefore, y' = (2ax + b) eaX2 +bx+c
Method 2
ax? +bx+c P , 2
yu = d€2 . d(ax +bx+C) — eax +bx+c _(2ax + b) — (2ax + b) e +bx+c
d(ax” +bx+c) dx

Example 23. Given the equation ¢’ =xy, where y is a function of x. Find the

derivative y'".

Solution. Differentiate both sides with respect to x.

¥

e
= xV _;’_ X {
T
ey =y+x/
R . . Y
earranging gives y 5
e —X

m) Differentiate with the method of taking logarithms (Logarithmic

Differentiation)

In deriving the derivative formula for the exponential function above, we first take
logarithms of both sides of y = a*. We then differentiate both sides with respect to x
to find the derivative )'. This technique is called differentiating with the method of
taking logarithms (or logarithmic differentiation). It is a particularly useful method
in finding the derivatives of some functions. The following examples illustrate this

method further.



Example 24. Find the derivative of the function y =x".

Solution. This function is neither a power function nor an exponential function; it is
a composite exponential function (where both the base and the exponent are
variables). Consequently, we cannot directly apply the standard derivative formulae
for power or exponential functions. Instead, we differentiate this by using the method

of logarithmic differentiation.

Take logarithms of both sides.
Iny = xlnx

Differentiate both sides with respect to x.

1 V' =Xx'Inx + x(Inx)'

1
= Inx +x-—
X

=Inx + 1

Therefore, V' =y(nx+1)=x"(Inx + 1)

Example 25. Find the derivative of the function y = =Dx=2) .
(x=3)(x—4)

Solution. Differentiating this directly using the Chain Rule would be unnecessarily

complex. Consequently, we first take logarithms of both sides.
Iny = % [In(x— 1) + In(x — 2) — In(x — 3) — In(x — 4)]

Differentiate both sides with respect to x.

1, 1 1 1 1 1
—y = (——
y 2 x-1 x-2 x-3 x-4

)



1 1 1 1
+ — —
-1 x-2 x-3 x-4

Therefore, Y= 1 W )
27 x

Example 26. Find the derivative of the power function y=x* (a € R).

Solution. Take logarithms of both sides.
Iny = alnx

Differentiate both sides with respect to x.

1
—y =Aa-—
y X
Hence, y'=a-Z=a-x_:axafl
x x
Therefore, y' = (xa)' = axa -1

This is the frequently used derivative formula for power functions.

¢ Derivative formulae

For the ease of reference and use, the standard derivative formulae are listed below:
(1) (c)=0 (c is a constant.)
(2) (uxv)=u£V

3 w)=uv+uw

@) (cu) =cu (c is a constant.)
(5) Gyt (v 0)
DT
© LD ) where y=f (), u=u(x)
7) j—i=diy or [/7)] = ﬁ (f'(x)%0)
dx

(8) (xa)v = ax®- 1
9) (log, x)'= lloga e (a>0,a#1)
X



(10) (Inx)'= 1

(11) (a)'= ax){na (a>0)
(12) () =¢€"

(13) (sinx)' = cosx

(14) (cosx)' = -sinx

(15) (tanx)' = 12 = sec’x
cos” x

' 1 2

(16) (cotx)' =-———=-cscx
sin” x

(17) (secx)' = secx-tanx

(18) (cscx)' = -cscx-cotx

1
(19) (arcsinx)' = (-1<x<1)
1-x°
1
(20) (arccosx)' = - (-1<x<1)
1-x*
1
(21) (arctanx)' = 5
1+x
1
(22) (arccotx)' = - >
I+x

e Differential formulae

From dy = f"'(x) dx, we can see that to find the differential dy, we simply calculate

the derivative f'(x) and multiply it by dx.

Based on the differentiation rules for the sum, product, and quotient of functions,

we can derive the corresponding differential formulae for the sum, product and

quotient of functions. For example, using the product rule for the function y =uv
y=w'+u'v

and multiplying both sides by dx, we obtain the differential formula:



dy = d(uv) = udv + vdu

The differential formulae are summarised as follows:

(1)
2
€)
“4)
()
(6)
(7)
(8)
)
(10)
(11)
(12)

(13)
(14)
(15)
(16)
(17)
(18)
(19)

(20)

dc=0
duxv)=du=xdv
d(uv) = udv + vdu
d(cu) = cdu

u, vdu—udv
d() =2

v v
d(x*) = ax* dx

d(log, x) = 1 log, edx
x

d(Inx) = 1 dx

X
d(a") = a’lnadx
d(e") = e'dx
d(sinx) = cosxdx

d(cosx) = -sinxdx

d(tanx) = >
COS™ X

d(cotx) = -

sin’ x

d(secx) = secx-tanxdx

d(cscx) = -cscx-cotxdx

d(arcsinx) = dx
1-x*
d(arccosx) = -
1-x°
d(arctanx) = > dx
X
d(arccotx) = - ~dx

1+x

dx = sec’xdx

dx = -csc?xdx

dx

(c is a constant.)

(c is a constant.)

(v=#0)

(a>0,a#1)

(a>0)

(-1<x<1)

(-1<x<1)



3.5. Higher derivatives

At the beginning of this chapter, we discussed the instantaneous velocity of an object
moving in a straight line with varying speed. If the displacement of the object is

given by the equation s = f(¢), then the instantaneous velocity of the object at time
¢t is the derivative of s with respect to ¢, that is,
v=s'=f10)
Velocity v= f"(¢) is also a function of time ¢. Its derivative with respect to time ¢ is
called the instantaneous acceleration a at time ¢.
a=v'=(s")'=s"
This is known as the second derivative (or the second order derivative) of s with

respect to .

For example, the motion equation for an object in free fall is
1
s=—gf
5 g
Hence, the instantaneous velocity is
' 1 '
v=s=(oer) =g

The instantaneous acceleration is

a=s"=(2)' =g

In general, if the derivative f'(x) of the function f(x) is differentiable at the point
x, then the derivative of f'(x) at the point x is called the second derivative (or
second order derivative) of the function f(x) at the point x, denoted by

d’y

" " Or
S"(x) y o

Similarly, the derivative of the second derivative y"= f"(x) is called the third

derivative (or the third order derivative) of the function y = f(x), denoted by



d3y
dx’

f W(x) y m or

In general, we define the nth derivative of the function y = f(x) as the derivative of

the (n — 1)th derivative of the function y = f(x). That is,
[T =0 (1=2,3,4,..)

d"y

denoted by (%) y™ or
dxn

All derivatives of order two and above are collectively known as higher derivatives

(or higher order derivatives). The values of derivatives of all orders for the function

f(x), evaluated at the point x = x,,, are denoted by

J'(x) f'G) e ()

()
y

' "

y

alternatively, y

X=X, X=X, x=x,

Example 1. Find derivatives of all orders for the function y = x*.

Solution. y'=4x  p"=12x7 y"=24x yP=24

Y=y =20

Example 2. Find the nth derivative for the function y=¢".

Solution. Since (€)' = ¢, the function does not change after differentiation, it

follows that Yy =

Example 3. Find the nth derivative for the function y = sinx.



Solution. y'=(sinx)"' = cosx = sin(x + %)
. V4 V4 . T
"=[sin(x +—)]' = cos(x +—) =sin(x + 2- —
y"= [sin( 2)] ( 2) ( 2)
. T V4 . V4
"=[sin(x +2-—)]'=cos(x + 2- —) =sin(x + 3- —
y"=[sin( 2)] ( 2) ( 2)
Generally, we have
y" = (sinx)™ = sin(x + n- %)

Similarly, we can prove that

r
(cosx)™ = cos(x + n- 5)

Exercise 3

1. Use the definition of the derivative to find the following derivatives.

a.  f(x)=x b. f(x)=x"+x
¢ f(x)=1-2x d. f(x):l

X
e f()=vx £f0=—

2. Find the derivatives of the following functions.

a. y=2x3—x+6 b. y=_3+x?

c. y:5\/;+2—§/x—3 d. y:x—_1
X



e. y=(2x-3Wx . oy="2r
x

g. y=cosxlnx h. y=tan(5x)+sin(3x)—sin’ x
Slnx

i. = Jcos(5x j. =

4 (5x) L I+cosx
k. y=—t L y=sec(2x—3)In(3x+2)
sin x +cos x

3. Find the derivatives of the following functions.

a. y=sin(3x)+sin’(2x) b. y=sin(x’)+log,(x* +1)
c. y=cos(7x—5)—sin(2x+3) d y=Q2-)2+x)
e. y=(l-sinx)’ f.  y=tan’ (g) +sin(cos/x)
1+ x2 2P
g y= h. y=tan(5x)+ [lnx ]
l-x
i. y=.cos(3x+5) i y=sec’(2x+1)
k. y=InV3x+4+.In(3x+4 L y=(nx)+———
y JIn(3x+4) =)'+ o
4. Find the derivatives of the following functions.
5x 53 x 2x
a. =tan—cos” — b. =3/ln—
YEERL S R
¢. y=In(xcosx) d y=0O+x")/5-x
e. y=0Q2+3x)J1+4x’ f.  y=log,(1+x")
1—
g y=h Vx h. y=tan’(log,(4x+5))
1++/x

i. y=In’(tan(2x+3)) j.  y=cos(2x’Inx)



k. y= 08X L y=xUx"-2

NI

5. Find the derivatives of the following functions.

1 1

a =3 b. -
PN d tan’ (3x)
¢.  y=sin(x’ cos(3x)) d. y= 1n(Cf)s2(2x))
sin” x
in’ In’ x
e. y=sin’[Inxcos(5x)] f. y=
sec(5x)
4_,3 7 x=3 4
g y=(x"-x+2x) h. y=( )
2x+1

3
i y=("+3x%)* j.  y=+cosec(5x)

k. y=seo(—> ) L y=In[sin*(5x+2)]
I+x
. dy .
6. Find — of the following.
dx
a. X +y =5 b. 2xy-x’y=9
c. x(2x-3y)=4 d e”+ylnx—cos(3x)=1
e. sin(x’+)°)=3x f.  y=1+xe
g. 3ui+x’y—y’=7 h. Jx+y* =x
i. In(x*+y)=x" —cosx jo @8y +xt=7
k. xy = yx l iz + l =—-8
Xy
7. Find the derivatives of the following functions.
a. y= suslrx b. y=3" arctan x’

P



y — Swlcos(Zx)
y = In(xe™)

2—cos’ (3x+5
_ preos’ (ut5)

y

y =arctan(v/x° — x)

arcsin/2x

y=e

y=3*

y =1/arctan /x

COoSx

y=x
y=(nx)"
y=(tan x)sm
y=x"

. Find the derivatives of the following functions.

b.

_arcsin(2x)

sin x +cos x
X
y = (arccos =)*
3
y=cos(2x’e™)

sin? (3x)

y=e -cos(e™")
y =sin’[e”* cos(5x)]

¥ = sin(25"29)

y= ln(2& —e™)

Y = arccos
x+2
arcsin x
y =cos
4
y — 103+x

y = arcsin(cos” x)

B /1+x
y=x E
ye sz +3

x+2
1
y=(x’+2)*-sin’ x-3""

COS2 X

y =(sinx)

y=2x+3) -@x-1) - (x’ +2)*



9. Find the first and second derivatives of the following.

®

1

10. Given that xy—sin(zy”) =0, find the values for | _

y=In(l+x")
y=xe "
e’ +sin(x’)=y

x+arctany =y

b.

d.

f.

h.

y=x"+5x+8

ysinx—cos(x—y)=0

Yy +2Iny=x

X +y’=e

1

arctan y

and y"

x=0,y=1"

11. Find the differential, dy, for each of the following functions.

a.

C.

€.

y=2x*

y=e " cosx

Xy =5

X
Y 1-x°
y:esinx
y=1+xe’

12. Find an approximation for each of the following using differentials.

a.

C.

0.95

In(1.01)

b.
d.

3/8.02

0.05
e

13. Find the nth derivative of each of the following functions.

a.

C.

y=3

Sx
y=e

b.

d.

y=In(1+x)

y=2+x)"

where m is a constant.
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